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In this paper we introduce generalized fractional calculus operators

which involves the Appell’s function F3( . ) to the product of the
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1. INTRODUCTION

Fractional integral operators are widely used to solve differential equations and integral
equations. So a lot of work has been done on the theory and applications of Fractional
integral operators. Most popular fractional integral transforms are due to Kalla and Saxena
[4], Kiryakova [5, 6] etc. have studied in depth. In this paper using fractional integral
operator gives new challenges for interpretations of its operations not only in physical and
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theoretical models but also the model of real phenomena and events in mathematics. A
useful generalized of the hypergeometric fractional integrals has been extended by Saigo
and Maeda [8,Pg.386-400 eq. (4.12) and (4.13)] in terms of any complex order with

Appell’s function F;(.) in the Kernel, as follows :

Let «,a', 5,5, y€C and x>0 then the generalized fractional calculus operators

(the Marichev-Saigo-Maeda operators) involving the Appell’s function[9] is defined as :

(I‘“"ﬂﬂyf X" .I (aa B.Byil- l1—?jf(t)dt
(R()>0) .. (1)
and
(1 g )(X)=rx(_y)I(t—X)Ht‘“Fa(a,a’,ﬁ,ﬁ';y;l—fl—ij f(t)dt
(R(»)>0) . )

The left hand side and right hand side generalized integration of the type (1) and (2)
for a power function are giving by :

(Ia”f“ﬁ’ﬁ”xp‘l)(X)=r{p’p+7_a_a'_ﬁ’p+ﬁ,_a' }xp-“-w-i
’ p+pB.pry—a-d.,p+ry-a'-p

where Re(y)>0, Re(p)>max{0,Re(a+a'+B-7),Re(a'- ')} and

- 1-p—y+a+a' l-p+a+pf' —y1-p-— ,
(Ig,ia,ﬁ,ﬁ,yxp—l)(x):r p 7/ aro , p, o ﬂ 7/ ,0 ﬂ Xp_a_a+7_1
1-pl-p+a+ad’'+p' -y l-p+a—-p

2 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email; ijesmj@gmail.com




ISSN: 2320-0294 [(dImpact Factor: 6.765

where Re(y)>0, Re(p)<1+min{Re(-B),Re(a+a'~y),Re(a+ S ~y)} the symbol

occurring in (3) and (4) is given by

l{a,b,c }_ I'(a) [(b)r(c) ©)

def| r(dyrerfy 7

Generalized Mittag-Leffler function defined by Prabhakar [11] is follows :

© I’]

HZ:F an+,8)

where (a,f,7,€C,Re(a)>0, Re(S)>0,Re(y)>0)
H — function

The H -function, defined as follows which is introduced by Inayat-Hussain [1, 2] and

studied by Buschman and Srivastava [7] and others.

M.N —M,N (e El’aJ) (ej’Ej)N”’P —LJ‘H(S)ZSdS
| . (fl’FJ) (fi’FJ';bi)M+1,Q _Zﬂ-iL |

where

[Ir(f,-Fs) [ T{r(a-e,+Es))”
o(s)=-12 . (8)
[

P

{F(l— f+ Fj.s)}bj IT(e;-E;s)

j:M+l j:N+1

and the contour L is the line from c—i to c+icwo, suitably intended to keep poles of

r(f,-FS),j=12.,M to the right of the path and the singularities of

{1“(1—ej + Ejs)}aj ,J=1,2,..N to the left of the path. The following sufficient conditions

for the absolute convergence of the defining integral for the H -function given by (7) have

been given by Buschman and Srivastava [7]
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M N Q p
T:ZFj+Z\ajEj\—_z \bij\—_z E;>0, .. (9)
j=1 j=1 j=M+1 j=N+1
1
and |arg(z)|<§7zT ..... (10)

A generalized polynomial set is defined by the following Rodrigues type formula [12, p,
64, eq. (2, 1.8)] given below :

S47 [2,r,h,q, A, B, m,k, 1] =[ Ax+B] " (1-ex) "
A+qn L
T {( Ax+B)" " (1-7x")r } ----- (11)
where the differential operator T, being defined as

T, =X (k+xij ..... (12)

dx

The explicit form of this generalized polynomial set [12, p, 71, eq. (2.3, 4)] is given by
S,f'ﬂ’r[x, r,h,q,A,B,m,k, 1] = BT x!(n+n) (1 — gx7)mm+n)

$ 3¢ $ (U (O (AL(p), (A=) (_E_hnjp

b0 o0 -0 i0 Plolilel (1—A—5)! T

(i+k+rej (—rxr Jp(A'xji ..... 13)
I men \1=7X" B’

It is to be noted that the polynomial set defined by (11) is very general in nature and it
unifies and extends a number of classical polynomials introduced and studied by various
research workers such as Chatterjee[15], Gould-Hooper [13], Singh and Srivastava [14],
etc., some of the special cases of (11) are given by Raizada in a tabular form [12]. We shall
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require the following explicit form of (11), which will be obtained by taking A'=1,B'=0

and let 7—>0 in (11) and wuse the well known confluence principle

we arrive at the following polynomial set

SAPO[x]=S2%[x;r,0,1,0,m,k, 1] = x™ "y

i(_p)e (A””rk”e] (ex) . (14)

p=0 e=0 plel

2. MAIN RESULTS

This section starts with the assumption of two theorems on the product of the H -function
the generalized polynomial set and generalized Mittag-Leffler function associated with

Saigo-Maeda fractional integral operators (1) and (2).

Theorem-2.1

Let o, ', 3, 8,7,p€C,x>0, T >0 and |arg(z)|<%7rT be such that

TheRe (7)>0, Re[ p+Aqn-+Al(m+n)+Arp |>max

[O, Re(a +a' +fB—y,Re(a —,B’))], then there holds the formula

g PPz s A0 2% r,q,1,0,mk, | ]
(ej’ Ej’aj )l,N (ei’ Ei )N+1,P
(fi’ Fj )l,M ’( fj’ Fj’bj)M,H,Q

— 1 XR—a—a’+y—1Im+n§ ZP:(_p)e [A+qn+k+r9j (B)P

F(;/) P=0 eo ple! |

ELs (%) ](x)

5 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email; ijesmj@gmail.com




ISSN: 2320-0294 [(dImpact Factor: 6.765

(1-R,&1),(1-R—y+a+a'+B,&1),(1-R- '+, &1),
(fJ,FJ) (fJ,FJ,bJ)MH’Q,(1—R—,B’,§;1),

—M,N+3 £
Hpi30:3| X

(ej’ Ejia )l,N (ej’ E; )N+1,P
(1— R—7/+a+a',§;l),(1— R—7/+a'+ﬂ,§;l)

where, R=p+Aqn+Al(m+n)+Arp

Proof - 1

Making use of equations (6),(7) and(14) in left hand side of equation (15) and also using
eq.(1), then interchanging the order of integrations and summations under the conditions
of Theorem -1, after simplification applying the known result (3),we at once arrive at the
desired result of (15).

Theorem 2.2 : Let a,a", 3,8, 7, peC andx > 0,T > 0 and |arg{Z)| < %nT, be such
that Re(y)>0, Re(p+Agn+Al(m+n)+Arp—£&s)<l+min

[Re(a + a' —y,Re(a + B — y, Re(—f)] then there holds the formula :

P78 M0 [ 77, q,,0,m k1 ]

e, E.a e, E.
ﬁl;/l‘(,gN i( j J) (l J)N+1,P Egﬁ(z) (X)
(fJ’FJ) (fJ’Fi;bi)M+1,Q

1 Raa+ylm+nm+n A+qn+K+re P
F(V) ;; Plel[ e jmm( )
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(R+y—a-a' &1),(R-a-B'+7,&1),

(fj'Fj)1,M '(fJ'Fj’bJ)M+1,Q(R’§?1)v

—MN+3 | 1
Hpi30+3 =
X

(R+ﬂ’§;1)’(ej’ Ej’ai )1,N ’(ei’ EJ )N+1,P V2 |:Z (;/,1) :| ..... (16)
(R-a-a'-p'+7,&1),(R-a+p,&1) a 1

where R=p+Agn+Al(m+n)+Arp

Proof — 2

Making use of equations (6),(7)&(14) in left hand side of eq.(16) and also using (1) ,then
changing the order of integration and summations under the conditions stated in Theorem-
2 and after simplification applying the known result (4) we atonce arrived at the desired
result of (16).

3. SPECIAL CASES :

1. If we reduce Mittag-Leffler function Eg,ﬁ(z) to unity in Theorem-1 & 2 then we

get the known result of [10, eqs(14),(16) , pp.(138-139)] .

2. If we reduce Mittag-Leffler function and generalized polynomial set to unity

and the H -function to the generalized Wright hypergeometric function,for

this replacing in (15) we get the known result of [10,eq(18), pp. (140)] .

3. If we reduce S™®° polynomial and generalized Mittag Leffler function to

unity, the H -function to Mittag-Leffler function defined by Erdelyi et.al. [3]
in (15) the we obtain the known result of [10, eq.(19), pp. (140)] .

4. If we reduce the S*®° polynomial & generalized Mittag-Leffler function to unity

in (15) and H -function to the generalized Riemann Zeta function [3, p; 27, 1.11
eg. (1)] then we get the known result of [10, eq(24), pp. (141)] .
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4. CONCLUSION

The Marichev-Saigo-maeda fractional integral operator is useful for various disciplines of

applied science & engineering .The importance of Marichev- Saigo —maeda functions is

seen in physics, stochastic system, dynamical systems theory is steadily increasing .This

operator also focuses in statiscal mechanics such as in entropy producton , reaction—

diffusion etc. During the last two decades, it is been used in solving biological, physical

and earth sciences.
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